Introduction {#Sec1}
============

Dielectric optical nanoresonators are becoming an important platform for controlling light in nanoscale volumes of matter for many different applications^[@CR1]--[@CR10]^. The description of light-matter interactions in systems with two, or few, competing resonances is a relatively well understood subject^[@CR11]--[@CR23]^. Controlling systems with many overlapping resonances, conversely, is more challenging. A main difficulty lies in the fact that resonator modes are usually derived from the solution of Maxwell equations with radiating boundary conditions. These generate non orthogonal modal sets described by mathematical expressions that rapidly become difficult to manage, both analytically and in some cases also numerically, when the number of competing modes increases^[@CR24]^.

In the field of optical waveguides, the study of multi-modal systems is a mature and developed area of research in both linear and nonlinear settings^[@CR25],[@CR26]^. A significant contribution originates from the development in early days of exact theoretical frameworks that reduce Maxwell equations to a simplified set of equations of motion, which furnished the building block to understand complex hierarchical systems based on many interacting units^[@CR27]--[@CR31]^.

In the field of optical resonators, an approximate form of this approach is available in time dependent coupled mode theory^[@CR32],[@CR33]^, which is routinely used in many applications, such as the design of efficient broadband light energy trapping systems^[@CR34]--[@CR36]^, the study of nonlinear dynamics^[@CR37]^, and the engineering of photonic crystals and metamaterials^[@CR38],[@CR39]^. This theory derives dynamical equations obtained under the condition of a total energy of the system $\documentclass[12pt]{minimal}
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                \begin{document}$$|{a}_{m}{|}^{2}$$\end{document}$, each representing the energy of one resonant mode. The approximation originates from the lack of interacting contributions $\documentclass[12pt]{minimal}
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                \begin{document}$${a}_{m}{a}_{n}^{\ast }$$\end{document}$, which are necessary to account for the presence of non-orthogonal modes in the electromagnetic field expansion.

In this article, we aim at unifying these two areas by studying an exact form of spatio-temporal couple mode theory (STCMT), which retains the simplicity of time dependent equations developed for photonic resonators, and the exact nature of coupled mode equations studied for multi-mode optical waveguides. The approach is inspired by the Feshback operator splitting designed to study the spectral statistics of open quantum systems^[@CR35],[@CR40]--[@CR44]^, and here generalized to multiple projections "spaces" with the aid of different mathematics based on generalized functions^[@CR45]^.

This formulation furnishes an intuitive description of Maxwell dynamics by providing an exact separation between propagating and resonant effects, within a simple set of exact equations that are particularly convenient for both analytical descriptions and numerical studies. We here illustrate fast numerical methods for calculating all the quantities of interest, ranging from the modes quality factors to the full density of states, from a single numerical simulation. This technique can also be generalized to describe wave dynamics in rigged-Hilbert spaces^[@CR46]^.

Results {#Sec2}
=======

Exact spatio-temporal coupled mode theory via generalized Maxwell projections {#Sec3}
-----------------------------------------------------------------------------

The main idea of this approach is to divide the space $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ into a set of adjoined regions (Fig. [1](#Fig1){ref-type="fig"}), and formulate the dynamics of light evolution independently in each set through the use of orthogonal eigenmodes.Figure 1Example of space $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega =\sum {\Omega }_{m}$$\end{document}$ partitioning with different sets $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{m}$$\end{document}$ characterized by elementary geometric structures. Panel b shows the equivalent dynamics inside $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{m}$$\end{document}$, which contain a dielectric nanodisk resonator (orange area). Inside this space, $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{e}$$\end{document}$ is seen as an ideal PEC material and the dynamics are decomposed as a series of electromagnetic modes of the nanodisk terminated by PEC boundary conditions.
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                \begin{document}$$\Omega ={\sum }_{n}{\Omega }_{n}$$\end{document}$, each region $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{n}$$\end{document}$ is composed into an interior spatial volume $\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{n}$$\end{document}$ and a boundary surface $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{n}$$\end{document}$, with a shape that is completely arbitrary. The union of all sets $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{n}$$\end{document}$ containing at least one optical resonator inside their volume defines the resonator space $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{r}={\sum }_{n}{\Omega }_{rn}$$\end{document}$, while the remaining volume of matter builds up the external space $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{e}=\Omega -{\Omega }_{r}$$\end{document}$.
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                \begin{document}$${\Omega }_{n},$$\end{document}$ we formulate Maxwell's equations by resorting to the theory of generalized functions^[@CR45]^ and in particular by using the expression of the generalized differential operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla $$\end{document}$, defined as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla =\{\nabla \}+{{\bf{n}}}_{{S}_{n}}\cdot {\delta }_{{S}_{n}},$$\end{document}$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\{\nabla \}$$\end{document}$ being the ordinary nabla operator evaluated at all the points inside the interior volume $\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{n}}}_{{S}_{n}}$$\end{document}$ the unit vector normal to the surface $\documentclass[12pt]{minimal}
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                \begin{document}$${\delta }_{{S}_{n}}=\delta ({\bf{x}}-{{\bf{x}}}_{{S}_{n}})$$\end{document}$ a three-dimensional Dirac delta function centered on the surface $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bf{x}}\in {S}_{n}$$\end{document}$. By substituting the expression of $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla $$\end{document}$ from Eq. ([1](#Equ1){ref-type=""}) into Maxwell equations, we obtain their generalized form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\{\begin{array}{l}\{\nabla \}\times ({{\bf{E}}}_{n}+{{\bf{E}}}_{e})+{\delta }_{{S}_{n}}{{\bf{n}}}_{{S}_{n}}\times ({{\bf{E}}}_{n}-{{\bf{E}}}_{e})=-\mu ({\bf{x}})\frac{\partial }{\partial t}({{\bf{H}}}_{n}+{{\bf{H}}}_{e}),\\ \{\nabla \}\times ({{\bf{H}}}_{n}+{{\bf{H}}}_{e})+{\delta }_{{S}_{n}}{{\bf{n}}}_{{S}_{n}}\times ({{\bf{H}}}_{n}-{{\bf{H}}}_{e})=\varepsilon ({\bf{x}})\frac{\partial }{\partial t}({{\bf{E}}}_{n}+{{\bf{E}}}_{e}),\\ \{\nabla \}\cdot ({{\bf{D}}}_{n}+{{\bf{D}}}_{e})+{\delta }_{{S}_{n}}{{\bf{n}}}_{{S}_{n}}\cdot ({{\bf{D}}}_{n}-{{\bf{D}}}_{e})\mathrm{=0,}\\ \{\nabla \}\cdot ({{\bf{B}}}_{n}+{{\bf{B}}}_{e})+{\delta }_{{S}_{n}}{{\bf{n}}}_{{S}_{n}}\cdot ({{\bf{B}}}_{n}-{{\bf{B}}}_{e})\mathrm{=0}.\end{array}$$\end{document}$$

In Eq. ([2](#Equ2){ref-type=""}), subscripts *n* and *e* indicate fields defined in the *n*-th resonator region $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{n}$$\end{document}$ and the external space $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{e}$$\end{document}$, respectively, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\delta }_{{S}_{n}}{{\bf{n}}}_{{S}_{n}}={\sum }_{n}{{\bf{n}}}_{{S}_{n}}\cdot \delta ({\bf{x}}-{{\bf{x}}}_{{S}_{n}})$$\end{document}$ the singular contribution terms arising on the surfaces $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{n}$$\end{document}$ separating the resonator space $\documentclass[12pt]{minimal}
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                \begin{document}$${\varOmega }_{n}$$\end{document}$ from the environment.
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                \begin{document}$$\delta ({\bf{x}}-{{\bf{x}}}_{{S}_{n}})$$\end{document}$ in Eq. ([2](#Equ2){ref-type=""}) as arising from the limiting condition $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon \to 0$$\end{document}$ in which the surface $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{n}$$\end{document}$ is progressively approached from either the positive $\documentclass[12pt]{minimal}
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                \begin{document}$$(-)$$\end{document}$ side, indicated as $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta ({\bf{x}}-{{\bf{x}}}_{{S}_{n}}\pm \varepsilon )$$\end{document}$. This condition leads to equations that are mathematically exact in the limit of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon \to 0$$\end{document}$, and well defined for every value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$. The choice of which direction (±) to use to approach the surface $\documentclass[12pt]{minimal}
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                \begin{document}$${S}_{n}$$\end{document}$ is arbitrary and generates different boundary conditions for the equations defined in each region $\documentclass[12pt]{minimal}
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                \begin{document}$${\varOmega }_{n}$$\end{document}$.

We here assume that the singular terms $\documentclass[12pt]{minimal}
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                \begin{document}$${\delta }_{{S}_{n+}}{{\bf{n}}}_{{S}_{n}}\times ({{\bf{E}}}_{n}-{{\bf{E}}}_{e})$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$${\delta }_{{S}_{n+}}{{\bf{n}}}_{{S}_{n}}\cdot ({{\bf{B}}}_{n}-{{\bf{B}}}_{e})$$\end{document}$ are approached from the external space, with $\documentclass[12pt]{minimal}
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                \begin{document}$${\delta }_{{S}_{n+}}=\delta ({\bf{x}}-{{\bf{x}}}_{S}+\varepsilon )$$\end{document}$, while the remaining singularities $\documentclass[12pt]{minimal}
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                \begin{document}$${\delta }_{{S}_{n-}}{{\bf{n}}}_{{S}_{n}}\cdot ({{\bf{D}}}_{n}-{{\bf{D}}}_{e})$$\end{document}$ are in the resonator space.

The choice splits Eq. ([2](#Equ2){ref-type=""}) into the following set, written for the *n*-th resonator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Omega }_{n}$$\end{document}$ and the external space $\documentclass[12pt]{minimal}
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In Eq. ([3](#Equ3){ref-type=""}), singular terms $\documentclass[12pt]{minimal}
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In order for this system to be mathematically well defined, we need to impose the absence of any singular term. This implies setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\delta }_{{S}_{n+}}{{\bf{n}}}_{{S}_{n}}\times {{\bf{E}}}_{e}={\delta }_{{S}_{n+}}{{\bf{n}}}_{{S}_{n}}\cdot {{\bf{B}}}_{e}\mathrm{=0}$$\end{document}$, which generates the following set of boundary conditions on $\documentclass[12pt]{minimal}
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The advantage of the splitting described by Eq. ([7](#Equ7){ref-type=""}) is to decompose the dynamics of light into different spatial regions terminated by ideal PEC/PMC boundary conditions, which allow us to describe the evolution of the electromagnetic field with a complete eigenbasis of fully orthogonal modes. In the resonator space, orthogonal modes are obtained from the eigenvalue problem of Maxwell equations, written inside each space $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{{\bf{a}}}=[{\tilde{a}}_{1}(\omega ),\ldots ,{\tilde{a}}_{M}(\omega )])]$$\end{document}$ defining the vector of amplitudes of the internal modes in the frequency domain. Equation ([11](#Equ11){ref-type=""}) is the counterpart of the expression of the power in multi-mode waveguides, furnished by the squared sum of non-interacting terms (see, e.g., Eq. (2.2.56) of^[@CR27]^). The expression ([11](#Equ11){ref-type=""}) is only exact in the formulation of Eq. ([8](#Equ8){ref-type=""}) with PMC boundary conditions.

Analytic and closed form expressions of resonator modes and resonant frequencies in basic geometries are available from classical electrodynamics results of ideal metallic resonators^[@CR47]^. As an example, for a single resonator space $\documentclass[12pt]{minimal}
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Following the same idea developed for the internal modes expansion in Eq. ([11](#Equ11){ref-type=""}), we normalize radiating modes $\documentclass[12pt]{minimal}
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The mode expansions carried out in Eqs. ([11](#Equ11){ref-type=""}) and ([14](#Equ14){ref-type=""}) reduce the time dynamics of Maxwell's equations to an exact set of spatio-temporal coupled mode equations, which relate the time evolution of the amplitudes of internal modes $\documentclass[12pt]{minimal}
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                \begin{document}$${s}_{h+}(t)$$\end{document}$. The mode expansions in Eqs. ([10](#Equ10){ref-type=""}) and ([14](#Equ14){ref-type=""}) express the corresponding spatial distribution of the field, providing a complete solution to the problem.

Coupled mode equations for the time varying coefficients can be found with two different approaches. One technique is to expand the electromagnetic field with Eqs. ([10](#Equ10){ref-type=""}) and ([14](#Equ14){ref-type=""}), substituting into Maxwell Eq. ([7](#Equ7){ref-type=""}) and then projecting over each mode $\documentclass[12pt]{minimal}
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                \begin{document}$${s}_{h\pm }$$\end{document}$ by using the orthogonality relations ([9](#Equ9){ref-type=""}) and ([15](#Equ15){ref-type=""}). A second method is to exploit the linearity of Maxwell equations. We here employ a combination of both methods, starting from the latter.
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By substituting the coupled mode Eqs. ([17](#Equ17){ref-type=""}) and ([18](#Equ18){ref-type=""}) into Eq. ([19](#Equ19){ref-type=""}), we obtain the following self-consistency relations:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\begin{array}{l}\tilde{C}{(\omega )}^{\dagger }\tilde{C}(\omega )=1\\ 2\tilde{\Gamma }(\omega )=\tilde{K}(\omega ){\tilde{K}}^{\dagger }(\omega )\\ \tilde{D}(\omega )=-\tilde{C}(\omega ){\tilde{K}}^{\dagger }(\omega )\end{array}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\Gamma }(\omega )$$\end{document}$ is the Fourier transform of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma $$\end{document}$. Equation ([19](#Equ19){ref-type=""}) are a particular form of the fluctuation dissipation theorem^[@CR50]^ applied for Maxwell equations. The conditions imposed by Eq. ([20](#Equ20){ref-type=""}) solve Eqs. ([17](#Equ17){ref-type=""}) and ([18](#Equ18){ref-type=""}) in the frequency domain:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\begin{array}{c}\tilde{{\bf{a}}}(\omega )=\frac{\tilde{K}}{i(\omega -W)+\frac{\tilde{K}{\tilde{K}}^{\dagger }}{2}}{\tilde{{\bf{s}}}}_{+},\\ {\tilde{{\bf{s}}}}_{-}(\omega )=\tilde{C}({\tilde{{\bf{s}}}}_{+}-{\tilde{K}}^{\dagger }\cdot \tilde{{\bf{a}}}),\end{array}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{1/}\tilde{X}$$\end{document}$ being shorthand notation for the inverse matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{X}}^{-1}$$\end{document}$. Equation ([21](#Equ21){ref-type=""}) are similar to the time dependent coupled mode equations written in the frequency domain and originally introduced in^[@CR32],[@CR33]^. However, there are also differences. In the traditional set^[@CR32],[@CR33]^, all the linear matrices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma $$\end{document}$ are frequency independent and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${a}_{m}(t)$$\end{document}$ are the amplitudes of traditional electromagnetic modes with radiating boundary conditions.

Figure [2](#Fig2){ref-type="fig"} shows a block diagram representation of Eq. ([21](#Equ21){ref-type=""}). In the absence of any resonance, $\documentclass[12pt]{minimal}
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Equation ([21](#Equ21){ref-type=""}) and Fig. [2](#Fig2){ref-type="fig"} show that the dynamics of Maxwell's equations depend only on three independent matrices: $\documentclass[12pt]{minimal}
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The first equation describes the undamped motion of the internal modes $\documentclass[12pt]{minimal}
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The scattering matrix can be expressed in exponential form $\documentclass[12pt]{minimal}
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Equation ([23](#Equ23){ref-type=""}) does not alter the space partitioning $\documentclass[12pt]{minimal}
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                \begin{document}$${a}_{n}(t)$$\end{document}$ evolution. The transformation ([23](#Equ23){ref-type=""}) defines a new set of scattering modes via ([14](#Equ14){ref-type=""}) that diagonalise the scattering matrix and, as such, provide only reflections for each input channel excited in the dynamics. An example of this representation is furnished in the next section.
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By substituting the field expansion ([14](#Equ14){ref-type=""}) in ([7](#Equ7){ref-type=""}) and by projecting over each traveling mode, we obtain the coupling coefficient elements:$$\documentclass[12pt]{minimal}
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                \begin{document}$${{\bf{E}}}_{n}$$\end{document}$ being the field inside the resonator space and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\bf{H}}}_{m\pm }^{\ast }$$\end{document}$ the scattering modes in the *m*-th channel. The time average of the integral gives a nonzero contribution only when the fields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\bf{H}}}_{m\pm }^{\ast }$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\bf{E}}}_{n}$$\end{document}$ are in phase.
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For dispersive material responses including complex distribution of absorption in the frequency domain $\documentclass[12pt]{minimal}
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For nonlinear effects, such as Kerr and other types of perturbative nonlinearities, the source term can be expanded as $\documentclass[12pt]{minimal}
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To study materials with gain effects, such as the ones originating in laser media, we can generalize the three dimensional quantum theory described in^[@CR54]^:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ is found in^[@CR54]^. Equations ([25](#Equ25){ref-type=""})--([26](#Equ26){ref-type=""}) and ([30](#Equ30){ref-type=""})--([31](#Equ31){ref-type=""}) form a nonlinear system of coupled mode equations capable of describing generic processes of gain, such as stimulated emission and lasing effects, in complex optical resonators.

Quantities that can be calculated with this approach {#Sec4}
----------------------------------------------------

### Density of states {#Sec5}

One of the most important quantities of a resonant system is the density of states (DOS), which is defined^[@CR55]^ as follows:$$\documentclass[12pt]{minimal}
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The local density of states (LDOS) measured at the point $\documentclass[12pt]{minimal}
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Equation ([35](#Equ35){ref-type=""}) is rarely employed in practice due to the requirement of performing a large number of simulations, in principle one for each point $\documentclass[12pt]{minimal}
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The theory developed in the previous section allows for a fast calculation, which can furnish the complete DOS with just a single FDTD simulation.

By substituting the expression of the electromagnetic field inside each resonator region $\documentclass[12pt]{minimal}
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Equation ([37](#Equ37){ref-type=""}) can be evaluated during the FDTD simulation, as the electric field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\bf{E}}}_{n}({\bf{x}},t)$$\end{document}$ is available at each time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$, and modal distributions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\bf{E}}}_{nm}({\bf{x}})$$\end{document}$ are easily calculated for resonators terminated by ideal PEC/PMC boundary conditions by eigenvalue solvers^[@CR57]^. Once the distribution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${a}_{m}(t)$$\end{document}$ is known, the DOS is directly computed with Eq. ([36](#Equ36){ref-type=""}).

The use of a radiative source in Eq. ([33](#Equ33){ref-type=""}) to excite the spectrum of modes and compute the DOS via ([34](#Equ34){ref-type=""}) and ([35](#Equ35){ref-type=""}), or ([36](#Equ36){ref-type=""}) implies that with this approach it is possible obtain modes that possess a finite quality factor. Dark modes, and other type of radiationless states that cannot be excited with radiating fields, are not measurable with this technique.

In the calculation of the DOS in the resonator space $\documentclass[12pt]{minimal}
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This result is demonstrated from the orthogonality and completeness of the modes. Let Eq. ([10](#Equ10){ref-type=""}) describe the electromagnetic field $\documentclass[12pt]{minimal}
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By projecting Eq. ([38](#Equ38){ref-type=""}) on the new set of modes $\documentclass[12pt]{minimal}
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Correspondingly, the density of states becomes:$$\documentclass[12pt]{minimal}
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A particularly convenient choice in the case of dielectric structures are modes of completely filled cuboid resonator structures with constants $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{n}$$\end{document}$ spaces characterized by analytic combination of Bessel functions. When using these equivalent modes expansions, the resonance matrix *W* appearing in Eq. ([22](#Equ22){ref-type=""}) is in general not diagonal, due to Eq. ([39](#Equ39){ref-type=""}) that project *W* into a matrix of full rank.

Figure [3](#Fig3){ref-type="fig"} summarizes this procedure with an example of DOS calculation. We consider a resonator schematically illustrated in Fig. [3a](#Fig3){ref-type="fig"} (orange area). We partition the space by using a cuboid resonator region $\documentclass[12pt]{minimal}
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                \begin{document}$${a}_{m}(t)$$\end{document}$ for a 2-dimensional structure. For this simulations we used a periodic boundary conditions on *x* direction. Electromagnetic energy on the sides of simulation box represents Floquet-Bloch modes existing in periodical structures. Panel c shows their power density spectra. The corresponding density of states obtained by summing up all the modes contributions is shown in panel d. Panel e shows the electromagnetic energy density obtained from FDTD simulations at a certain time step. The red dotted rectangle represents a boundary of the cubic resonator space $\documentclass[12pt]{minimal}
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### Photonic resonance networks {#Sec6}

A particularly important quantity in the analysis of resonant systems is the mode quality factor $\documentclass[12pt]{minimal}
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                \begin{document}$$Q=\frac{{\omega }_{0}\tau }{2}$$\end{document}$, defined as the product between the mode frequency $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ and the mode decay rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$, and describing the ability of the mode to trap and release electromagnetic energy^[@CR32]^. Traditionally, the evaluation of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$ in the LDOS. This approach assumes non-interacting resonances and cannot be directly applied in the general case of overlapping resonant states in the spectrum.

The theory developed via the generalized Maxwell's equations allows to precisely evaluate the $\documentclass[12pt]{minimal}
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                \begin{document}$$Q$$\end{document}$ factor of all the resonances of the system from a single simulation in the general case of interacting modes. To illustrate the calculation, we begin by solving Eq. ([18](#Equ18){ref-type=""}) in the Markov limit where the input frequency $\documentclass[12pt]{minimal}
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### Complete representation of resonant modes {#Sec7}

Once the mode evolutions are obtained and stored in the $\documentclass[12pt]{minimal}
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Examples of applications {#Sec8}
------------------------

### One dimensional structures {#Sec9}

We begin by considering one dimensional structures, which illustrate the application of the theory via fully analytic calculations. Figure [5](#Fig5){ref-type="fig"} shows the structure setup. The resonator region $\documentclass[12pt]{minimal}
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The system of Fig. [5a](#Fig5){ref-type="fig"} has two scattering channels: when only source $\documentclass[12pt]{minimal}
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Following Eq. ([13](#Equ13){ref-type=""}), the frequencies of the internal modes are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\omega }_{m}=\frac{c\pi m}{nd}$$\end{document}$, and the spatial distribution of the magnetic modes reduce to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H}_{rl}={A}_{0}sin\left(\frac{l\pi z}{d}\right)$$\end{document}$ polarized either along $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y$$\end{document}$. External modes, conversely, are represented by incoming and outgoing plane waves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${e}^{\pm ikz}$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|z| < d\mathrm{/2:}(\begin{array}{c}{\omega }_{l}=\frac{c\pi l}{nd},\\ {H}_{r}=\sum _{l}\frac{a(t)}{2}{H}_{rl}+c\mathrm{}.c\mathrm{}.\end{array},|z| > d\mathrm{/2:}(\begin{array}{c}{H}_{e}={\tilde{s}}_{1+}{e}^{ikz}+{\tilde{s}}_{1-}{e}^{-ikz},\,z < -d\mathrm{/2,}\\ {H}_{e}={\tilde{s}}_{2+}{e}^{-ikz}+{\tilde{s}}_{2-}{e}^{ikz},\,z > d\mathrm{/2}\end{array}\mathrm{}.$$\end{document}$$

We then express the scattering matrix for the 2 × 2 system of Fig. [5](#Fig5){ref-type="fig"}:$$\documentclass[12pt]{minimal}
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By exploiting the self consistency relations ([20](#Equ20){ref-type=""}), we can express the diagonal elements of the damping matrix $\documentclass[12pt]{minimal}
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From the amplitude intensity at the mode internal frequency $\documentclass[12pt]{minimal}
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Figure [6](#Fig6){ref-type="fig"} shows the representation of the network mode parameters extracted from the poles of the DOS (a, circle markers) of the resonator of Fig. [5a](#Fig5){ref-type="fig"}. The DOS is calculated from Eq. ([40](#Equ40){ref-type=""}) by summing up the spectral mode densities $\documentclass[12pt]{minimal}
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### Two and three dimensional structures {#Sec10}

We apply the STCMT approach to describe more complicated geometries for both non-periodic (Fig. [7](#Fig7){ref-type="fig"}) and periodic (Fig. [8](#Fig8){ref-type="fig"}) boundary conditions. Figure [7a](#Fig7){ref-type="fig"} illustrates the schematic representation of a two dimensional resonator ring shaped geometry with 0.15 *μm* and 0.5 *μm* sizes for the inner and outer diameters, respectively. We define a single cuboid resonator space $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{1}$$\end{document}$ (Fig. [7a](#Fig7){ref-type="fig"} green area) that includes the whole resonator, and use the orthogonal mode set of the cuboid volume without the resonator space, as employed in Fig. [3](#Fig3){ref-type="fig"}. The corresponding calculated DOS is fitted with the rational expression ([45](#Equ45){ref-type=""}) on Fig. [7b](#Fig7){ref-type="fig"}. Figure [7c](#Fig7){ref-type="fig"} provides a zoom of the results on a target frequency range covering most of a visible spectra. The red dotted lines represent the boundaries of the target frequency range. The resonance network with the various $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{n}$$\end{document}$ (green) denoting the cavity space. (**b**) Corresponding DOS. (**c**) Zoomed DOS in the visible range. (**d**) Poles map, with each pole represented as a circle with size proportional to the mode quality factors *Q*~*m*~.Figure 8Periodic resonator configuration. (**a**) resonator array (red) and resonator space region $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{1}$$\end{document}$ (green). (**b**) Zoom of the DOS into the visible spectrum region (**c**). (**d**) Poles map. The sizes of points are proportional to the quality factor *Q*~*m*~ associated with the mode.

Figure [8a--d](#Fig8){ref-type="fig"} shows equivalent results obtained from a periodic two dimensional resonator characterized by a complex geometry consisting of the concentric superposition of a cross shaped geometry and a disk. In this case, due to stronger mode coupling via periodic neighbor resonators, the peaks in DOS spectra are wider and the overall DOS is smoother.

As discussed in the theory, the STCMT allows to obtain the full dynamics of the field, including the spatial distribution of any resonant mode existing inside the resonator. We illustrate this approach with reference both the non periodic ring resonator of Fig. [7a](#Fig7){ref-type="fig"} and the periodic resonator of Fig. [8a](#Fig8){ref-type="fig"}. We consider two resonant peaks in the DOS, labeled (c) and (d) in Fig. [9a](#Fig9){ref-type="fig"} for the non periodic resonator and Fig. [10a](#Fig10){ref-type="fig"} for the periodic one, and extract the modes spatial profile by Eq. ([10](#Equ10){ref-type=""}) using the orthogonal eigenfunctions Eq. [12](#Equ12){ref-type=""} (Fig. [9b](#Fig9){ref-type="fig"}) of the cuboid resonator space $\documentclass[12pt]{minimal}
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                \begin{document}$${a}_{m}(t)$$\end{document}$.Figure 9DOS of the ring resonator of Fig. [7](#Fig7){ref-type="fig"} with two different frequencies (b and c points) selected for the mode visualization. (**b**) Illustration of the mode decomposition via orthogonal modes of the resonator space. (**c**,**d**) Spatial distributions of the electromagnetic modes at points (b-c) in panel a. The superimposed transparent image in (**c**,**d**) shows the ring resonator refractive index distribution.Figure 10DOS of a periodic array of resonators of Fig. [8](#Fig8){ref-type="fig"}. (**b**,**c**) Spatial distributions of the corresponding electromagnetic modes with refractive index distribution (transparent image).

The corresponding energy distributions of the resonant modes are portrayed in Figs. [9c,d](#Fig9){ref-type="fig"} and [10b,c](#Fig10){ref-type="fig"}. They represent whispering-gallery modes of the ring-like geometry in the nonperiodic case, and more complex Floquet-Bloch modes in the periodic structure.

Figure [11a--d](#Fig11){ref-type="fig"} shows the calculation results for a three dimensional resonator structure, delimited by a cubical $\documentclass[12pt]{minimal}
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                \begin{document}$${\Omega }_{1}$$\end{document}$ resonator space. The resonator here is a compound shape consisting of a concentric superposition of a sphere and a disk (Fig. [11a](#Fig11){ref-type="fig"}). The mode network of this structure (Fig. [11d](#Fig11){ref-type="fig"}) is mainly represented by two close resonances with quality factors $\documentclass[12pt]{minimal}
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                \begin{document}$${Q}_{2}=21$$\end{document}$.Figure 11Analysis of three dimensional structure. (**a**) Resonator consisting of a superposition of a sphere and a disk (red) with a cubic resonator space $\documentclass[12pt]{minimal}
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                \begin{document}$${\varOmega }_{1}$$\end{document}$ (green). (**b**) DOS and zoom into the visible spectrum region (**c**). (**d**) Poles map. The sizes of points are proportional to the quality factor *Q*~*m*~ associated with the mode.

Conclusion {#Sec11}
==========

In this work we formulate an exact spatio-temporal coupled mode theory for arbitrary resonator structures, derived with orthogonal and complete eigenmodes obtained from Maxwell equations with generalized operators. Using this theory, it is possible to provide an exact representation of the electromagnetic dynamics in both space, time and frequency via a simple set of exact equations of motion, in which all relevant quantities such as the DOS, the modes quality factors, and the modes spatial distribution can be calculated numerically from a single first principles simulation. We provide examples of this approach in one, two and three dimensional optical structures. We believe that this approach can help the design of photonics systems based on complex multi mode interactions, providing an exact formulation of coupled mode equations in general conditions of overlapping resonances and for arbitrarily defined materials and resonator geometries.

**Publisher's note** Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

The authors acknowledge support from KAUST (OSR-2016-CRG5-2995) and Shaheen supercomputer from the Kaust Supercomputing Laboratory (KSL).

M.M. and A.F. developed the theory and performed the simulations. F.G. and A.B.L. provided conceptual comments. M.M. and A.F. wrote the manuscript, with input from all the authors.

Data and a source code used in this work are available upon a reasonable request.

The authors declare no competing interests.
